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Abstract

In this study we consider D  the space of infinitely differentiable functions

with compact support and D′  the space of distributions defined on .D

Now let ( )rxf ,  be distribution in D′  and let ( ) ( ) ( )rxrxfrxf nn ,,, δ∗=

where nδ  is a certain sequence which converges to the Dirac-delta

function. Then the products ( ) [ ( )] [ ( )] [ ( )]sxfrxfsxfrxf ,,,,, ⋅⋅  are

defined as the limit of the sequences { ( ) ( ) },,, nsxfrxf  { ( ) ( ) }nn sxfrxf ,,

provided that the limits 21, hh  exist in the sense of

( ) ( ) ,,,,,lim 1 φ=φ
∞→

hsxfrxf nn

( ) ( ) ,,,,,lim 2 φ=φ
∞→

hsxfrxf nnn

respectively, for all φ  in .D  In general, two products do not necessarily be

equal. In this work, it is proved that two products are equal if they satisfy a

property which we call semigroup condition. It is also proved that if

products satisfy the semigroup condition then hold the associativity.
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1. Introduction

In mathematical analysis, distributions also known as generalized
functions are objects which generalize functions and probability
distributions.

They allow to extend the concept of derivative to all continuous
functions and further they can be used to formulate generalized solutions
of partial differential equations.

The theory of distributions is considered important and essential
progress in the theory of partial differential equations as well as in
mathematical physics and engineering where many non-continuous
problems naturally lead to differential equations whose solutions are
distributions, such as the Dirac delta distribution. However, in general
multiplication of distributions is not possible for arbitrary distributions,
see [15]. In fact this is considered an obstacle in the use of distributions
and therefore several different definitions were developed in order to
tackle the multiplication problem. There are also some objects such as

( ) ( ) ( ) ( ) ( ) ,,,, 1 δδ′δδδδ − xxxxxxH  where δ  is the Dirac function, are of

special interest in physics and widely used in quantum theory, see [17].

For example, in physics, product of distributions such as δH  or 2δ  can

be interpreted in several different ways; see Colombeau [1]. Thus in the

literature, various definitions have been proposed just for 2δ  ranging

from ,
2
1,,,0 2 δ′
π

+δδ −
iccxc  to δ′′+δ cc  with arbitrary constants ;, cc ′

see Oberguggenberger [14].

In this study, we prove that two products are equal if they satisfy a
property what we call semigroup condition. It is also proved that if
products satisfy the semigroup condition then they satisfy the
associativity property.

Although it seems difficult to multiply arbitrary distributions, it is
usually possible to define the product of a distribution f and an infinitely
differential function g and this is given in the next definition.

Definition 1. Let f be a distribution in D′  and let g be an infinitely

differentiable function. Then product gffg =  is defined by
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φ=φ=φ gfgffg ,,,

for all φ  in .D

It then follows easily by induction that

( ) ( ) ( )[ ]( )irii
r

i

r Fg
i
r

gf
−

−





= ∑

=

1
0

where

( )!!
!

iri
r

i
r

−
=








for .,2,1 …=r

Let ., D′∈gf  Then there are two different approaches for defining

the product of distributions: one it is known as regularization and
passage to the limit, see Hirata and Ogata [6], Itano [8], Mikusiński [13],
and the other way is Fourier Transform product, given two distributions

D′∈gf ,  assume that their Fourier transforms ( ) ( )gf FF ,  exist

respectively then “Fourier product” is defined ( );1 ggf FFF ∗=⋅ −  see

Hörmander [7]. The basis for all these definitions is product of a
distribution and infinitely differential functions that was introduced by
Schwartz [15] commutatively as the element .D′∈φ=φ ff  Later in [16],

Temple followed the general idea of Mikusiński and Sikorski in [12], and
developed a sequential theory of distributions which are defined as
“regular sequences” of arbitrary functions then regular sequences can be
used to define product of distributions and special functions, see [3].

For our next definition we let ( )xρ  be a fixed infinitely differentiable

function in D  having the following properties:

(i) ( ) 0=ρ x  for ,1≥x

(ii) ( ) ,0≥ρ x

(iii) ( ) ( ),xx −ρ=ρ

(iv) ( ) .1
1

1
=ρ∫− dxx
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The function nδ  is then defined by ( ) ( )nxnxn ρ=δ  for .,2,1 …=n  It

follows that { }nδ  is a regular sequence of infinitely differentiable

functions converging to the Dirac delta-function .δ  If now f is an

arbitrary distribution in ,�D′  the function nf  is defined by

( ) ( ) ( ) ( ) ( ) .,,, txrtftfrxf nnn −δ=δ∗=

where …,2,1=n  and r is a fixed parameter. It follows that { ( ) }nrxf ,  is

a regular sequence of infinitely differentiable functions converging to the

distribution ( )., rxf

The following definition was proposed by Fisher is a generalization of
the definition 1, see [2].

Definition 2. Let ( )rxf ,  and ( )rxg ,  be distributions in D  and let

( ) ( ) ( ) ( ) ( ) ( ).,,, xgrxgxfrxf nnnn δ∗=δ∗=  We say that the product

gf ⋅  of ( )rxf ,  and ( )rxg ,  exist and is equal to h on the interval ( )ba,

if

( ) ( ) ( ) ( ) ( )xxhxrxgrxf nnn
φ=φ

∞→
,,,,lim

for all φ  in D  with support contained in the interval (a, b).

The product thus defined is clearly commutative if it exists. The
following result shows that the product gf ⋅  exists but the product fg
defined in Definition 1 does not exist.

( )( ) ( )
( )

( )( ).
!2

!1 121 xr
rxx r

r
rr −−− δ

−
=δ⋅ (1)

Later Fisher gave the following non–commutative definition of the
product, see [11].

Definition 3. Let ( )rxf ,  and ( )rxg ,  be distributions in D′  and let

( ) ( ) ( )., xgrxg nn δ∗=  We say that the product [ ]gf ⋅  of f and g exists

and is equal to h on the interval ( )ba,  if

( ) ( ) ( ) ( ) ( )xxhxrxgrxf nn
φ=φ

∞→
,,,,lim
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for all φ  in D  with support contained in the interval ( )ba, .

It is obvious that if the product gf  exists by Definition 1 then the

product [ ] [ ]gf ⋅  exists by Definition 2 and [ ] [ ].gffg ⋅=  Note also that

although the product defined in Definition 2 is always commutative, the
product defined in Definition 3 is in general non-commutative, hence in
the general [ ] [ ] .gfgf ⋅≠⋅  and the results  obtained for these products

contain constants which depend on the choice of the function .ρ

In general above two products need not necessarily be equal. Several
examples were given in [9], [10] and [11] that two products differ. Now
we give the following a new definition that these two products are equal
under certain conditions.

Definition 4 . Let ( )rxf ,  and ( )sxf ,  be distributions in D′  and let

( ) ( ) ( )., tfrxf nn δ∗=  We say that the product is a semigroup product

[ ( )] [ ( )] ( ( ) [ ( )])sxfrxfsxfrxf ,,or,, ⋅⋅  of ( )rxf ,  and ( )sxf ,  exist and

is equal to ( )srxf +,  on the interval ( )ba,  if

( ) ( ) ( ) ( ) ( )xsrxfxsxfrxf nnn
φ+=φ

∞→
,,,,,lim

or

( ) ( ) ( ) ( ) ( )xsrxfxsxfrxf nn
φ+=φ

∞→
,,,,,lim

for all φ  in D  with support contained in the interval ( )ba, .

Theorem 1. If the products satisfy the semigroup property then two
neutrix products are equal.

Proof. Let products satisfy the semigroup condition. Then it can be
easily seen on using the definitions that

( ) ( ) ( ) ( ) ( )xsrxfxsxfrxf nn
φ+=φ

∞→
,,,,,lim

and

  ( ) ( ) ( ) ( ) ( )xsrxfxsxfrxf nnn
φ+=φ

∞→
,,,,,lim
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exist respectively for all φ  in .D  Then it follows that

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )xsxfrxfxsrxfxsxfrxf nnnnn
φ=φ+=φ

∞→∞→
,,,lim,,,,,lim

for all φ  in .D  Then we have

      ( ) ( ) ( ) ( ) ( ) .0,,,,,lim =φ−
∞→

xsxfrxfsxfrxf nnnn

This proves the theorem.

Corollary 1. If the product is a semigroup product then it also
satisfies the associativity.

Proof. We will only prove the commutative case, non-commutative
case also proved similarly. Let product be a semigroup product and let

( ) ( )sxfrxf ,,,  and ( )txf ,  be distributions in .D′  On using the definition

we write that

          [ ( )] [ ( ) ( )] ( ) ( ) ( ) ( )xtxfsxfrxftxfsxfrxf nnn
φ⋅=⋅⋅

∞→
,,,lim,,,,

[ ( )] [ ( )]stxfrxf +⋅= ,,

( ) φ++= ,, tsrxf

exists. On the other side we have that

[ ( ) ( )] [ ( )] ( ) ( ) ( ) [ ( )]rxfxtxfsxftxfsxfrxf nnn
,,,,lim,,, ⋅φ=⋅⋅

∞→

[ ( )] [ ( )]txfsrxf ,, ⋅+=

( ) ( ) .,, xtsrxf φ++=

We can easily provide some counter examples that the converse of the
above statement, in general, is not correct. For example, it was proved in

[4], [11] respectively that the product ( ) [ ( ) ]rs δ⋅δ  (and [ ( ) ] [ ( ) ] )rs δ⋅δ  exist

and

[ ( ) ] [ ( ) ] ( ) [ ( ) ] .0=δ⋅δ=δ⋅δ rsrs (2)

for ,,2,1,0, …=rs  however it is obvious that the product is not a

semigroup product.
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Similarly, the distribution ( ) six −+ 0  is defined as follows, see Gel’fand

and Shilov [5].

( ) ( )
( ) ( ( )( )xs

ixix s
s

ss 1
!1

1
0 −−− δ

−
π−+=+

then it was proved in [4] that the product is a semigroup product since

[( ) ] ( ) ( ) [( ) ] [( ) ].00000 rssrrs ixixixixix −−−−−− +⋅+=+=+⋅+
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